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Abstract
Given n point sites in the plane each painted in one of k colors,
the region of a c-colored site p in the Farthest Color Voronoi Diagram
(FCVD) contains all points of the plane for which c is the farthest color
and p the nearest c-colored site. This novel structure generalizes both
the standard Voronoi diagram (k = 1) and the farthest site Voronoi
diagram (k = n). We show that the FCVD has structural complexity Θ(nk) if k ≤ n2 , and we provide an O(n2 α(k) log k) algorithm for
computing the FCVD.
We call a set color-spanning if it contains at least one point of
each color. From the FCVD, we can quickly determine the smallest
color-spanning circle. Moreover, we present algorithms for computing
a color-spanning axis parallel rectangle of minimum area or perimeter
in time O(n(n − k) log2 k) and for finding the narrowest color-spanning
strip in time O(n2 α(k) log k).
Keywords. Location planning, Voronoi diagram, smallest colorspanning circle, minimum color-spanning rectangle, narrowest colorspanning strip.
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Introduction

Suppose there are k types of facilities, e. g. schools, post offices, supermarkets, modeled by n colored points in the plane, each type by its own color.
One basic goal in choosing a residence location is in having at least one
representative of each facility type in the neighborhood. In this paper we
provide algorithms that may help to achieve this goal for various specifications of the term “neighborhood”. Several problems on multicolored point
sets have been previously considered, such as the bichromatic closest pair,
see e. g. Preparata and Shamos [12, Section 5.7], Agarwal et al. [1], and Graf
and Hinrichs [8], or the group Steiner tree, see Mitchell [10, Section 7.1].
Let us call a set color-spanning if it contains at least one point of each
color. A natural approach to the above location problem is to ask for the
center of the smallest color-spanning circle. For k = n this amounts to
finding the smallest circle enclosing n given points. This problem can be
solved in time O(n log n) by means of the farthest site Voronoi diagram [3], in
time O(n) using Megiddo’s linear programming method [9], or in randomized
time O(n) by Welzl’s minidisk algorithm [14]. A special case is k = 2,
then the solution is given by the bichromatic closest pair, see above. For
2 < k < n we know of no previous results. A brute force approach—check
every circle defined by three sites for all colors—would take O(n 4 ) time.
In order to find a better solution, we generalize, in Section 2, Voronoi
1

Figure 1: The farthest color Voronoi diagram for three colors and seven
sites. The doubly connected unbounded area belongs to the site in the
middle while the dark ( ) and light ( ) shaded areas belong to the closest
resp. sites.
diagrams in the following way. If p denotes a site of color c, we put all points
of the plane in the region of p for which c is the farthest color, and p the
nearest c-colored site, i. e., z belongs to the region of p iff the closed circle
centered at z that passes through p contains at least one point of each color,
but no point of color c is contained in its interior. We call the resulting
planar subdivision the Farthest Color Voronoi Diagram, FCVD for short,
see Figure 1 for an example. For k = n the FCVD becomes the farthest site
Voronoi diagram, while for k = 1 we obtain the standard Voronoi diagram
of n points.
We show that the FCVD is of complexity Θ(nk) if k ≤ n2 . We provide
an algorithm for constructing the FCVD that runs in time O(n 2 α(k) log k).
Once the FCVD is given, we can, in time O(nk), determine the smallest
color-spanning circle: its center is either a 3-colored vertex, or the midpoint
of a 2-colored edge. We complement this result by a simple O(k 3 n log n)
algorithm that runs faster for small values of k.
Clearly, the FCVD can be generalized to other distance measures, e. g.
to convex distance functions. This would allow us to compute the smallest
color-spanning rectangle of fixed orientation and fixed aspect ratio by the
same method as before. An interesting problem arises if the aspect ratio is
not specified.
So let us assume that, in the residence location problem, we want to
determine a color-spanning axis parallel rectangle of minimum area or minimum perimeter. In principle, we could use a 3-dimensional FCVD of colored
vertical lines for this problem, where a horizontal cross-section at height
z equals the FCVD for aspect ratio z. However, we present a more di2

rect approach in Section 3. Our algorithm constructs the smallest colorspanning rectangle in time O(n(n − k) log 2 k), using a technique by Overmars and van Leeuwen [11] for dynamically maintainig maximal elements.
Again, we complement this result by simple algorithms whose O(n(n − k) 2 )
resp. O(nk(n − k)) running times are advantageous for large resp. for small
values of k.
Finally, we mention in Section 4 the computation of the narrowest colorspanning strip of arbitrary orientation in time O(n 2 α(k) log k).
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The smallest color-spanning circle and the farthest
color Voronoi diagram

The well-known smallest enclosing circle of a set of n point sites passes
through two or three of these sites. Its center is either one of the vertices
of the farthest site Voronoi diagram or is the midpoint of two sites. We will
define a new structure for the smallest color-spanning circle that has similar
properties.

2.1

Definitions

Voronoi regions are defined as usual: Let d(p, q) denote the distance from
point p to point q. For a finite set, T , of sites in the plane and a ∈ T ,
the Voronoi region of a in T is defined to be VR(a, T ) := { p | d(p, a) <
min d(p, b) }.
b∈T \{a}

We have k colors, numbered from 1 to k. Let S be the set of sites and
˙ k . Let di (p) :=
S1 , . . . , Sk the subsets for each color, i. e., S = S 1 ∪˙ . . . ∪S
min d(p, a) be the distance from point p to color i.
a∈Si

The farthest color Voronoi region of a site a is the set of points for which
the color of a is the farthest color and a the closest site of this color. More
formally, for a site a ∈ Sj , we say
FCVR(a) := { p | d(p, a) <

min d(p, b) and dj (p) > max di (p) }.

b∈Sj \{a}

i6=j

The farthest color Voronoi diagram FCVD for a set of n sites with k
colors is the decomposition of the plane into these FCVR regions. As already
mentioned, it is a generalization of both the normal Voronoi diagram and
the farthest site Voronoi diagram.
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Lemma 1 The smallest color-spanning circle has two or three sites, all
of different colors, on its boundary. Its center is either one of the FCVD
vertices or is the midpoint of two sites of different colors.
It is clear that after computing the FCVD, the smallest color-spanning
circle can be determined in time proportional to the complexity of the
FCVD, i. e., the number of edges and vertices.

2.2

Structure and complexity

For each point in the plane, its distance to a site is equal to the vertical
(third dimension) distance to the 45 ◦ cone with apex in that site. Hence,
for each point in the plane, the minimum distance to a color is given by
the lower envelope of the cones of that color. Finally, the distance to the
farthest color is given by the upper envelope of the family of all the onecolored lower envelopes. The complexity of such an envelope is bounded by
O(n2+ε ) and can be computed in time O(n2+ε ), see Sharir and Aggarwal [13,
Theorems 7.7 and 7.16].
In the following, we will show how to improve on these bounds.
Lemma 2 For a site a ∈ Sj we have
FCVR(a) = VR(a, Sj ) ∩

[

VR(a, Si ∪ {a}) .

i6=j

In other words, the FCVR of a is the Voronoi region of a among the
sites of its own color intersected with the complement of the union of the
regions of a among the sites of each other color. This follows directly from
the definition, see Figure 2 for an illustration.
Lemma 3 The complexity of a single FCVR is bounded from above by
O(nα(k)) and from below by Ω(n + kα(k)) which is tight for k ∈ Θ(n).
Proof. Using the characterization of Lemma 2, i. e., FCVR(a) = VR(a, S j )∩
∪i6=j VR(a, Si ∩ {a}), we can see that the complexity of FCVR(a) is O(nα(k)),
because it is essentially the same as the complexity of the union of k convex
polygons, see [13, Corollary 2.18].
For the lower bound it is clear that even a region of the farthest site
Voronoi diagram, i. e. k = n in our notation, can have Ω(n) vertices. Now
consider an arrangement of k non-vertical line segments such that its lower
envelope has complexity Θ(kα(k)), for the existence see [13, Theorem 4.11].
4

a

Figure 2: In this FCVD the thick solid resp. dashed lines mark the boundaries between two regions of different resp. the same color, while the thin
dotted lines together with the dashed ones show the three normal Voronoi
diagrams for the three colors. The shaded area represents the region of
site a.
Place a site a sufficiently far away and above this arrangement such that
each line segment is the base of a triangle which contains a in its interior
and such that the lower envelope of the arrangement of the triangles has
also complexity Θ(kα(k)), see Figure 3.
Now the first color is assigned to a. For each triangle we choose a new
color, construct the three reflections of a at the three edges and assign to
these three sites the new color. In this way, we get a set of n = 3k + 1 sites.
For each color i, we know that VR(a, S i ∪ {a}) is the corresponding triangle.
Then, by Lemma 2, we know that FCVR(a) is the complement of the union
of all triangles and has complexity Θ(kα(k)).
2
Lemma 4 The complexity of the FCVD is O(kn), and for k ≤
Ω(kn).

n
2

also

Proof. For the upper bound we count the number of connected components
of all regions. This determines the complexity, since the FCVD is a planar
graph with vertices of degree at least three to which Euler’s formula applies.
As Lemma 2 has shown, the FCVR of a site a ∈ S j is the intersection of
S
VR(a, Sj ) and the complement of the star-shaped polygon i6=j VR(a, Si ∪ {a}).
5

a

Figure 3: The construction of a lower bound for the complexity of an FCVR.
Some of the connected components of FCVR(a) may be unbounded (only
if VR(a, Sj ) is also unbounded, of course), and if there are more than
one of them then they are separated by some also unbounded and convex
VR(a, Si ∪{a}); therefore, FCVR(a) has at most k −1 unbounded connected
components.
The bounded connected components of FCVR(a) must have pieces of
edges of VR(a, Sj ) on their back sides (as seen from a). Such an edge
of VR(a, Sj ) intersects each (convex) VR(a, Si ∪ {a}) at most once, so it
contributes at most k pieces to the FCVD, and in total there are O(n) of
them that contribute O(kn) pieces which therefore also bounds the number
of connected components of all regions of the FCVD.
The lower bound can be obtained as follows. First, for some k we construct an FCVD for two sites per color with complexity Ω(k 2 ). This can be
achieved in the following way. We place k sites on the x-axis such that the
sequence of their colors is 1234 . . . k2 1234 . . . k2 . If the sites are lifted to the
paraboloid, each two tangent planes of the same color form a wedge which
contributes to the FCVD. In the same way, another k sites are placed on
the y-axis utilizing the other colors from k2 + 1 to k.
The cross-like placement causes the k2 vertical wedges to intersect the
6

k
2

horizontal wedges. This means that we have a pattern of 2k sites whose
FCVD has complexity Ω(k 2 ), and the bounded regions alone already have
that complexity.
Now we can arrange roughly n/(2k) such patterns in the plane, far
enough from each other such that the bounded regions of the patterns survive
in the combined FCVD, which has a complexity of n/(2k) · Ω(k 2 ) = Ω(kn).
2

2.3

Computation

Theorem 5 The FCVD of a set of n points and k colors can be computed
in O(n2 α(k) log k) time.
Proof. The construction of the diagram can be done in the following way.
1. Compute the k one-colored Voronoi diagrams in O(
O(n log n) time.

Pk

i=1 ni log ni )

=

2. For each site a with color i do:
(a) Locate point a in the k − 1 different colors’ one-colored Voronoi
P
diagrams in O( j log nj ) = O(k log nk ) time

(b) Construct all regions VR(a, Sj ∪ {a}) in total time O(n) (notice
that each site cannot have more than n−1 neighbors, altogether).
(c) Compute the union of the k−1 regions in O(nα(k) log k) time [13,
Corollary 6.3].
(d) Intersect VR(a, Si ) with the complement of that union. As it is
starshaped and a belongs to its kernel, this can be done in time
linear in the complexity of the polygons being intersected, that
is, in overall O(nα(k)) time.
Summarizing all steps, the running time of this algorithm is
O(n log n + nk log
because of k log

n
k

n
k

+ n2 α(k) log k + n2 α(k)) = O(n2 α(k) log k)

≤ n log k for k ≥ 2.
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2.4

Computing the smallest color-spanning circle without
using the FCVD

The following result is interesting for small values of k.
Theorem 6 Given n sites and k colors, the minimum radius circle that
covers at least one site of each color can be found in O(k 3 n log n) time.
The solution circle must have three differently colored sites in its boundary, or be determined by two diametrically opposite sites of different colors,
see Lemma 1. The first case can be solved by computing the Voronoi diagram of the sites of every triple of colors, and considering the three-colored
vertices of the diagrams as candidates for the center of the solution circle. Then, for each candidate, the radius of its color-spanning circle can be
determined by doing point location in all the one-colored Voronoi diagrams.
The analysis of this algorithm is as follows:
1. Compute all the one-colored VDs in O(
time.

Pk

i=1

ni log ni ) = O(n log n)

2. Compute all the three-colored VDs in O( i,j,m (ni + nj + nm ) log(ni +
 Pk
2
nj + nm )) = O( k−1
i=1 ni log n) = O(k n log n) time.
2
P

3. Do all the point locations in O( i,j,m (ni + nj + nm ) p6=i,j,m log np ) =

P
3
O( i,j,m (ni +nj +nm )k log n) = O( k−1
2 nk log n) = O(k n log n) time.
P

P

This gives an overall complexity O(k 3 n log n) for the circles defined by three
points. The candidates defined by two points are computed in the analogous
way, and the complexity of this part is dominated by the one above.

3

The smallest color-spanning rectangle

Now we turn to the problem for finding an axis-parallel color-spanning rectangle of minimum area or perimeter. At first sight, this problem seems to
be similar to the problem of finding the smallest rectangle (or circle, convex
polygon, etc.) containing at least k points from a set of n uncolored points,
see e. g. Dobkin et al. [5], Aggarwal et al. [2], Eppstein and Erickson [6], or
Datta et al. [4]. But their approaches cannot be extended to our setting, as
we will see.
Some special cases are immediately solved. For k = 1 the problem is
trivial, and for k = n, i. e., we have exactly one point for each color, the
8

solution is the bounding box of the point set. For the sake of simplicity of
the presentation, we make the following assumption on general position. No
two x- or y-coordinates are equal, i. e., there is no horizontal or vertical line
passing through two points. We exclude the trivial cases and assume for the
remaining part of the paper that 1 < k < n.

3.1

Non-shrinkable rectangles and a first algorithm

Let px and py denote the coordinates of a site and pcol denote its color. It
is clear that the smallest color-spanning rectangle, by perimeter or by area,
must be non-shrinkable in the following sense.
Definition 7 An axis-parallel rectangle is called non-shrinkable if it contains sites of all k colors and it does not properly contain another axisparallel rectangle that contains all colors.
Therefore, each non-shrinkable rectangle must touch a site with each of
its four edges, such that there are two, three, or four sites on its boundary,
among them no two of the same color. The colors on its boundary do not
appear at sites in its interior.
Our algorithm will systematically find all candidates for non-shrinkable
rectangles and compare their perimeters or areas to determine the smallest
one. A starting idea to do this is shown next, this is similar to the procedure
of [2].
Algorithm 1 The lower-left corner of a candidate is either determined by one site or by a pair of sites of different colors such
that these two sites lie on the candidate’s bottom and left edges.
For each such lower-left corner, we proceed as follows. Let U be
the set of sites which lie above and to the right of the corner.
1. Initially the top edge of the rectangle starts at infinity. The
right edge starts at the x-coordinate of the corner, it is
moved right over the sites of U until all colors are contained
in the actual rectangle.
2. Then, in decreasing y-order, the top edge steps through the
sites of the rectangle as long as it still contains all colors;
when this stops, we have found a candidate.
3. The right edge advances until it reaches a site with the color
of the site at the actual top edge.
9

4. As long as the right edge has not stepped over all points
of U , we repeat from step 2.
It is clear that all non-shrinkable rectangles are checked as candidates
by Algorithm 1, but also some more rectangles that may contain sites of
the same color as the left or bottom edges. For each corner the algorithm
spends time O(n) if the sites are previously sorted by their x-coordinates
and by their y-coordinates.
Remark that for one fixed corner we cannot have more than n − k + 1
candidates because the right edge has stepped over at least k sites in step 1.
Furthermore, the left edge of a candidate can be only at the first n − k + 1
sites in x-order and the lower edge only at the first n − k + 1 sites in y-order,
so we obtain a O(n(n − k)2 ) bound for the running time of Algorithm 1.
Before trying to improve on this time bound, we are interested in finding
the exact number of non-shrinkable rectangle, since in the worst case it seems
unavoidable to check (nearly) all of them.
Lemma 8 There are Θ((n − k)2 ) non-shrinkable rectangles.
Proof. We start by proving the upper bound. As we have remarked earlier,
each edge of a non-shrinkable rectangle N must contain a site of a color that
occurs only once in N . First consider the case that a site is a corner of the
rectangle, i. e., the site touches two edges. A site can be the, e. g., lower left
corner of a non-shrinkable rectangle only if it belongs to the n−k+1 leftmost
sites because it must have k − 1 sites to its right. Also, in the analysis of
Algorithm 1 we have seen that there are at most n − k + 1 non-shrinkable
rectangles for one fixed corner. Thus, the upper bound holds for all nonshrinkable rectangles that have at least one site at a corner. In particular,
this also settles the cases k = 2, 3.
So we can assume that k ≥ 4 and that each edge contains exactly one
site in its interior. Let l, b, and r denote the colors of the singular points
on the left, bottom, and right edge of N , correspondingly. We enlarge N
by moving its upper edge upwards until one of the following events occurs.
Either, the upper edge hits a point of color b; then we have obtained a socalled enlarged candidate with singular points on its left and on its right edge
that contains points of color b on its top and bottom edges, but no further
b-colored points (type 1). Or the upper edge hits a point of color l or r, say
l; then we have an enlarged candidate containing two points of color l on its
top and left edges, but no further points of color l, and singular points on
its right and bottom edges (type 2). If the upper edge does not hit a point
10

of color b, l, or r then we obtain an enlarged candidate with upper edge at
infinity and singular points on its other three edges (type 3).
This way we have mapped each non-shrinkable rectangle on an enlarged
candidate of type 1, 2, or 3. The mapping is one-to-one; given an enlarged
candidate of any type we can just lower its top edge until, for the first time,
the lowest point of some color is hit, and obtain a non-shrinkable rectangle.
Thus, it suffices to show that there are only O((n − k) 2 ) enlarged candidates
of each type.
In order to bound the number of type 1 rectangles we fix an arbitrary
point, p, of color pcol and show that there are at most O(n − k) type 1
rectangles Ri,j that have p on their bottom edge and another pcol -colored
point qi on their top edge to the right of p. Indexing is such that q 1 , . . . , qm
have increasing x-coordinates. Let r i,j be the singular point on the right
edge of rectangle Ri,j , for 1 ≤ j ≤ mi . Clearly, different rectangles Ri,j
with the same index i must have different right points r i,j . Since none of
these rectangles can contain a third point of color pcol , point qi+1 must be
below qi and to the right of all points ri,j , 1 ≤ j ≤ mi . Trivially, all points
ri+1,j , 1 ≤ j ≤ mi+1 , are to the right of qi+1 . A continuation of this argument
shows that all points ri,j are pairwise different. This proves the claim since
only n − k + 1 points can have the right edge, and the same for the bottom
edge.
The argument for the type 2 rectangles is quite similar. We fix the point
p on the left edge and consider all rectangles R i,j of type 2 that have a point
qi of the same color on their top edges. Again, all singular points r i,j on the
right edges are pairwise different.
The unbounded enlarged candidates of type 3 are even easier to count:
for a fixed point on the bottom edge there can be only n − k + 1 of them,
since for each possible left edge there is at most one right edge, if any, and
only n − k + 1 sites can have the left edge. (By the way, k is also an upper
bound on the number of rectangles of this type for a fixed bottom edge, as
will follow from Lemma 9.)
It remains to show the lower bound. To this end, we make a construction
as sketched in Figure 4.
We construct three groups of sites. The first group consists of b(n −
k)/2c + 1 sites of color 1 and is placed on the line y = −1 − x at positions
with negative x- and y-coordinates, the second group has d(n − k)/2e + 1
sites but of color 2 and is placed on the line y = 1 − x at positions with
positive coordinates, and the third group contains one site of each of the
other k − 2 colors and is placed very close to the origin.
11

Figure 4: Each rectangle spanned by a site of color 1 and a site of color 2 is
non-shrinkable.
Now each rectangle spanned by a site of color 1 as the lower left corner
and by a site of color 2 as the upper right corner contains all colors and is
one of Ω((n − k)2 ) non-shrinkable rectangles.
2

3.2

An improved approach

The question arises if the proof method for the O((n−k) 2 ) upper bound can
be used for efficiently constructing all non-shrinkable rectangles. In fact, we
are able to enumerate all enlarged candidates of types 1, 2, and 3 within
time O(n2 log k). The difficulty is in efficiently moving down the upper edges
of these rectangles, in order to obtain non-shrinkable rectangles. This can
be done within the same time bound for the types 2 and 3, but seems quite
hard to do for the type 1 rectangles.
Therefore, we resort to a more direct method that is a refinement of
Algorithm 1. Instead of fixing the lower left corner, let us try to fix the
upper and lower edges, i. e., for each pair of sites a and b with a y < by we
check all non-shrinkable rectangles with lower y-coordinate a y and upper
12

y-coordinate by .
We consider conditions that must be fulfilled by such a non-shrinkable
rectangle with left edge at l and right edge at r, l and r may coincide with
a or b. First, it is clear that a and b must be contained in the rectangle.
Second, the interior of the rectangle must not contain sites of the colors of
a and b. Third, the colors of l and r are not contained in the interior either.
More formally, for a given color c we define the following numbers.
Lc (a, b) = max

{ px | ay < py < by and px < ax }

Rc (a, b) = min

{ px | ay < py < by and px > ax }

p∈S, pcol =c

p∈S, pcol =c

In other words, Lc (a, b) is the maximum x-coordinate of all sites of color c
in the horizonal strip between a and b and to the left of a x , and Rc (a, b)
the analogous minimum to the right of a x ; they take on the values of −∞
resp. +∞ if no such site exists. Note that this definition is intentionally non
symmetrical in a and b, because in the next algorithm we will fix only site
a while site b will be moving upwards.
Now the first condition above means that
lx ≤ min(ax , bx )

and rx ≥ max(ax , bx ).

(1)

The second condition can be expressed as


lx > max Lacol (a, b), Lbcol (a, b)



and





rx < min Racol (a, b), Rbcol (a, b)(2).

In other words, we have an x-interval for the possible positions of the left
edge of a non-shrinkable rectangle from a y to by , and another one for the
right edge.
The third condition transforms to
lx = Llcol (a, b) if l 6= a, b

and rx = Rrcol (a, b) if r 6= a, b,

(3)

i. e., the site l on the left edge, if it is not a or b itself, is the x-maximal
site of its color in the horizonal strip between a and b and to the left of
min(ax , bx ), and correspondingly with r. Therefore the following assertion
holds.
Lemma 9 Let a and b be two sites of S. Independently of n, there are at
most k − 1 non-shrinkable rectangles with lower edge at a and upper edge
at b.
Proof. According to (3), the left edge of such a non-shrinkable rectangle
has only k − 2 possible positions if its color is different from acol and bcol ,
and min(ax , bx ) is one additional possibility.
2
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Now we show how to update the quantities L c (a, b) and Rc (a, b) for fixed
a, while b steps through the sites in y-order. Also, for each b we have to
match the correct pairs of sites at the left and at the right edges. All this is
done by the following algorithm.
Algorithm 2 The sites are sorted in y-order. For each site a
we do the following to find all candidate rectangles with lower
y-coordinate ay .
1. Let L and R be arrays over all colors, initialized to −∞
resp. +∞; they will contain the values L c (a, b) and Rc (a, b)
for the actual a and b and for all colors c.
The lists SortL and SortR will contain all sites that actually
contribute an entry to L resp. R, sorted in x-direction.
2. For all sites b with by > ay in y-order we do. Perform steps
2a to 2c only if bcol 6= acol , in any case perform step 2d.
(a) InclL := min(ax , bx );
ExclL := max(L[acol ], L[bcol ]);
InclR := max(ax , bx );
ExclR := min(R[acol ], R[bcol ]);
In list SortL we mark the sites with x-coordinates greater
than ExclL and smaller than InclL, and correspondingly with SortR from InclR to ExclR.
(b) The left edge starts at the first marked element of
SortL. The right edge starts at InclR and if necessary
steps over the marked sites in SortR until all colors are
contained in the actual rectangle.
(c) As long as the marked parts of SortL and SortR are
not exhausted, we repeat the following steps.
i. The left edge advances over the marked sites in
SortL and finally InclL as long as the rectangle contains all colors; when this stops, we have found a
candidate.
ii. The right edge advances over the marked sites in
SortR until it reaches the color of the site at the
actual left edge.
(d) If bx < ax
then L[bcol ] := max(L[bcol ], bx ), also unmark and update SortL
14

else R[bcol ] := min(R[bcol ], bx ), also unmark and update
SortR.
Lemma 10 The candidates reported by Algorithm 2 are precisely all nonshrinkable rectangles. Its running time is in O(nk(n − k)).
Proof. Let us consider what happens if steps 2a to 2d are executed for
certain sites a and b.
Step 2d has been performed for all previous values of b, so L and R
contain the correct Lc (a, b) and Rc (a, b) for all colors. Remark that this also
holds for bcol because the update of L and R concerning b is done at the end
of the loop.
SortL and SortR contain the sites corresponding to the values of L
resp. R, and only these values are possible left resp. right edges of the rectangle, as we have seen earlier. The marked parts correspond to the intervals
(ExclL, InclL) resp. (InclR, ExclR) and reflect conditions (1) and (2); sites
a or b can also be at the left or right edges of a non-shrinkable rectangle,
this is taken into account by starting the right edge at InclR in step 2b and
finishing with the left edge at InclL in step 2(c)i.
For each possible left edge the matching right edge, if any, is found
in steps 2(c)i and 2(c)ii, these steps are very similar to steps 2 to 3 of
Algorithm 1.
The case in which there is no non-shrinkable rectangle for a at the bottom
edge and b at the top is quickly detected: If some colors are missing in the
horizontal strip between a and b then step 2b already does not succeed. If
another site of color acol or bcol is contained in the rectangle spanned by
a and b then ExclL > InclL or InclR > ExclR and one of the lists is not
marked at all. Finally, the case bcol = acol is explicitly excluded in step 2.
The running time can be estimated as follows. Site a at the bottom edge
needs to be iterated only over the first n − k + 1 sites in y-order, so this
factor is contributed. Factor n is for the loop over all b (not n − k because
the updates in step 2d need to be executed for all b above a). Finally,
the repetition of steps 2(c)i and 2(c)ii results in a factor k, as well as the
(un)marking and the updates of the sorted lists.
2
For small and in particular for constant k Algorithm 2 is the method of
choice, because it is very simple and can be implemented using just a few
lines of code. On the other hand, for large k the O(n(n − k) 2 ) method of
Algorithm 1 is preferable. In the general case however, there is still room
for improvements.
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3.3

Maximal elements

Definition 11 A maximal element of a set, T , of points in the plane is a
point p ∈ T such that there is no q ∈ T with p x > qx and py < qy .
Note that for our special purpose we have slightly deviated from the usual
definition, see [11], we are interested in maximal elements in the upper left
(instead of right) direction, see Figure 5. Our maximal elements are those
that are not dominated from left and above by another point of the set.
Now consider, for given a and b, the values of L c (a, b) and Rc (a, b). We
transform these values to points in 2D, using L for the x-coordinates and R
for the y-coordinates:




Tc (a, b) = Lc (a, b), Rc (a, b) for all colors c 6= acol , bcol .
Some of the coordinates of these points may be ±∞. With T (a, b) we denote
the set of all points Tc (a, b). The next lemma shows that maximal elements
are closely related to spanning colors.

Figure 5: Maximal elements of a point set in the upper left direction.
Lemma 12 Assume that the horizontal strip between a and b contains all
colors. The point Tc (a, b) for some color c is a maximal element of T (a, b)
if and only if the rectangle with a and b at the bottom and top edges and
with Lc (a, b) as left and Rc (a, b) as right edge contains all colors with the
possible exception of bcol .
Proof. Let Tc (a, b) be a maximal element of T (a, b). Suppose there is
a color, c0 , which is not contained in the rectangle between a, b, L c (a, b),
and Rc (a, b). Then Lc0 (a, b) < Lc (a, b) and Rc0 (a, b) > Rc (a, b), and Tc0
dominates Tc (a, b), a contradiction. Conversely, if all colors are contained in
the rectangle then Tc (a, b) must be a maximal element because it can’t be
dominated by any other color.
2
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Now we have an interesting relation between non-shrinkable rectangles
and maximal elements.
Lemma 13 For a non-shrinkable rectangle with sites a, b, l, r at the bottom, top, left, and right edges with l 6= a, b and r 6= a, b, T lcol (a, b) and
Trcol (a, b) are two successive maximal elements of the set of points in T (a, b).
Proof. Assume that Tlcol (a, b) is dominated by some Tc (a, b). Clearly we
have Lc (a, b) < Llcol (a, b) = lx , but also Rc (a, b) > Rlcol (a, b) > rx holds
because lcol cannot appear a second time in the rectangle. This means that
color c is not contained in the rectangle, a contradiction, and analogously
for Trcol (a, b).
Now assume some Tc (a, b) is maximal element between the two maximal
elements Trcol (a, b) and Tlcol (a, b). Then we have Lrcol (a, b) < Lc (a, b) <
Llcol (a, b) = lx and rx = Rrcol (a, b) < Rc (a, b) < Rlcol (a, b), and again c is
not contained in the rectangle.
2
And the converse is also true, in some sense.
Lemma 14 Consider two sites a and b and two colors c, c 0 6= acol , bcol such
that Tc (a, b) and Tc0 (a, b) are two successive maximal elements of T (a, b)
and assume that the horizontal strip between a and b contains all colors.
Then the rectangle between a, b, l with l x = Lc0 (a, b) as left edge, and r with
rx = Rc (a, b) as right edge is non-shrinkable if additionally conditions (1)
and (2) from Section 3.2 hold.
Proof. From Lemma 12 we know that the rectangle between a, b, L c (a, b)
and Rc (a, b) contains all colors. Now let the left edge move right until the
rectangle is non-shrinkable. The left edge must now be situated at L c0 (a, b),
otherwise there would be another maximal element between T c (a, b) and
Tc0 (a, b). Conditions (1) and (2) are necessary to guarantee that no other
sites of color acol or bcol are contained in the rectangle.
2
Theorem 15 Given n sites and k colors, the smallest color-spanning rectangle can be found in time O(n(n − k) log 2 k).
Proof. We modify Algorithm 2. The main difference is in maintaining a
dynamic tree MaxElem of maximal elements instead of the lists SortL and
SortR.
In step 2d now MaxElem is updated if the value of L[bcol ] or R[bcol ] has
changed; this can be done in time O(log 2 k) using the method of Overmars
and van Leeuwen [11].
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The marking of the lists is replaced in the following way. The values
ExclL, InclL, InclR, and ExclR are computed as before. Then the subsequence of elements in MaxElem is extracted that is included in (ExclL, InclL)
in x-direction as well as in (InclR, ExclR) in y-direction. This can be done in
time O(log k) plus the length of this subsequence which in turn is essentially
the same as the number of non-shrinkable rectangles reported. It remains to
report the matchings between left and right edges as described in Lemma 14.
So the running time of this method is O(n(n − k) log 2 k) plus the number
of reported non-shrinkable rectangles but which is fortunately bounded by
O((n − k)2 ), see Lemma 8.
2

4

The narrowest color-spanning strip

The narrowest color-spanning strip problem asks for two parallel lines in
the plane that contain all colors in between them such that their distance is
minimized.
Notice that the solution strip must have three sites of three different
colors on its boundary, because if they were only two or they had a coincident
color, the strip could be shrunk by rotation. For brevity, we only state our
main result.
Theorem 16 Given n sites and k colors, the narrowest color-spanning strip
can be found in O(n2 α(k) log k) time.
The proof uses techniques of inversion and outer envelopes.

5

Remarks and open problems

The location problem studied in this paper can be generalized in many
ways. For example, one could ask for the smallest circle (rectangle, strip)
that contains at least m (or a given percentage) of the points of each color.
For circles, if we assume that every color has at least m sites, and every point
p in the plane is given to the last m significant sites that an expanding circle
centered at p would capture, the construction generalizes order-m Voronoi
diagrams, which are obtained when k = 1. We are currently investigating
this issue.
In our view, one challenging open problem is in gaining more insight
into the basic farthest color Voronoi diagram introduced in this paper. For
example, we would like to close the gap between the lower and upper bound
18

for the complexity of a single region that were mentioned in Section 2.2.
Also, a more efficient algorithm for constructing the FCVD would be highly
desirable.
Finally, for the general version of the rectangle problem studied in Section 3, let us mention that the best lower bound we know is in Ω(n log n);
however, we do conjecture that the problem might be hard to solve in o(n 2 )
time and likely belonging to the 3SUM-hard class [7] because it seems hard
to avoid checking the Θ((n − k)2 ) many non-shrinkable rectangles.
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