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Abstract. We are searching for an unknown horizontal or vertical line in the plane under
the competitive framework. We design a well-suited framework for all cylcic strategies that
result in two-sequence functionals. For optimizing such functionals we apply a method that
combines two main paradigms. The given solution shows that the combination method is of
general interest. Finally, we obtain the current best strategy and can prove that this is the best
strategy among all cyclic strategies which is a main step toward a lower bound construction.
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Introduction

Let us assume that we are lost at sea without sight and we are searching for an unknown shoreline in
the competitive sense. That is, we compare the lenght of our search path until arriving the shoreline
to the length of the shortest path to the shoreline if it was known in advance. The logarithmic
spiral conjecture says that the best strategy is a logarithmic spiral and the best spiral achieves a
competitive ratio of 13.81113 . . ., see [2, 3, 5, 6]. This old fundamental search problem of searching
for a line in the plane has recently attracted new attention.
On the one hand it was recently shown that spiral search is optimal for the searching-for-pointin-the-plane scenario [16]. This result gives hope that it will be possible to prove that the logarithmic
spiral conjecture is also true if we are searching for a line.
On the other hand there is a new upper bound on the competitive ratio for finding an axis-parallel
shoreline [11]. The given strategy makes use of a special representation that has to be optimized.
Finally, the strategy achieves a ratio of 12.5406 . . .
In this paper we make use of an elegant representation of all cyclic strategies in the axis-parallel
shoreline setting. The problem results in the optimization of two-sequence functionals. For optimizing
two-sequence functionals we can apply a combination of two main paradigms. The given example
shows that this generic approach is of general interest, see also [12, 17].
We easily achieve the same ratio as in [11] by considering a special case of our representation.
Furthermore, we can slightly improve the above result and we can also state that for cyclic strategies
there is no hope for further improvements. The main open question is whether the given strategy is
optimal in general. But now we only have to show that there is always an optimal cyclic strategy.
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Preliminaries

We are searching for an unknown line l that is parallel to one of the axes. Since l can be everywhere
in the plane any search path Π finally visits all possible lines l. Consider the length of a search path
Π from the origin o to the first point pl where some line l is met. Let Πopl denote this path and
|Πopl | its distance. Competitive analysis compares |Πopl | to the length of the shortest path from o
to l, denoted by |ol⊥ |. The worst-case location of l gives the competitive ratio of the strategy which
pl
o |
means C = supl |Π
|ol⊥ | .

Competitive analysis was introduced by Sleator and Tarjan [22], and used in many settings since
then, see for example the survey by Fiat and Woeginger [4] or, for the field of online robot motion
planning, see the surveys [10, 19]. Note that we assume that the unknown line is at least one step
away from the origin. Otherwise we have to introduce a fixed additive constant. Both interpretations
are equivalent, see [22].
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Fig. 1. The strategy of Jeż and Lopuszański [11]. The current worst case occurs at kinks of the strategy, see
the hit points pl and p.

It seems that any reasonable strategy should visit the four possible directions in a cyclic order.
In [11] such a strategy is defined by a sequence of points (xi , yi ) for i = 1, 2, 3, . . . These points are
visited in the given order. More precisely Jeż and Lopuszański define a strategy by x 2k+1 = −α x2k−1 ,
x2k = x2k−3 , y2k+2 = −α y2k and y2k+1 = y2k−2 with an expanding factor α. The reason for this
special formulation is that they would like to let the projections onto the axes expand by a factor√α.
In Fig. 1 there is an example of the strategy for the best α with starting values x 1 = 1 and x2 = a.
For α = 2.03 . . . the strategy achieves a ratio of 12.5406 . . .
While the strategy is running there is a current depth up to which all lines in a given direction
already have been visited. The smallest current depth among all directions will be responsible for a
worst case ratio in the very near future. Let us call this the current worst case situation. The current
worst case occurs at a discrete moment when the corresponding line is met again. Let us call this
point a worst case hit point.
The current worst case situation for the strategy in Fig. 1 is always attained exactly at a kink at
coordinate x2k = x2k−3 or y2k+1 = y2k−2 . In this sense the strategy behaves in a very symmetric way.
It visits the current smallest Y -coordinate (respectively X-coordinate) and also ends its expansion
in the X-coordinate (respectively Y -coordinate) here, thus making a kink, see the hit points p l and
p in Fig. 1.
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A unique design of cyclic strategies

We would like to make use of a more intuitive and more general representation of a cyclic strategy.
First, we consider symmetric strategies and three cases, see Fig. 2. Then we show that all three cases
and also its combination can be described uniquely by an appropriate interpretation of the first case.
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In the first case the kink of the strategy always happens before the current hit point is visited.
In the second case the kink of the strategy happens after the current hit point was visited. For
completeness, in the third case we consider the same situation as in Fig. 1, kink and current hit
point coincidence.
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Fig. 2. Representation of symmetric strategies and calculation of the ratio. (i) The strategy always makes
a kink before the current worst case occurs at a hit point. (ii) The strategy always makes a kink after the
current worst case occurs. (iii) Kink and current worst case coincidence. (iv) The elegant description of all
combinations of the former three cases.

Our representation of a strategy is as follows. We consider a fixed cyclic visiting order east, north,
west, south, east and so on and an infinite sequence of positive values (x1 , x2 , x3 , . . .) that represent
the distances to the corresponding lines. For simplicity, we also denote the corresponding lines by
these distances.
In the first case, where the kink happens at line xi before the hit point at line xi−3 is visited, we
have to parameterize the Y -coordinate (respectively X-coordinate) of the hit point. Therefore we
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consider a positive value βi−3 xi−3 for this distance and for all all other points in an analogous way,
see also Fig. 2(i). This means that we have a second positive sequence (β1 , β2 , β3 , . . .).
For calculating the ratio for all current worst case situations in this scenario we simply have
to sum up the distance between two hit points on the lines xi−4 and xi−3 . In between the line xi
has to be visited. Let us assume that we have a situation as depicted in Fig. 2(i). We can optimize
such a strategy if we simply consider the shortest path that visits the line xi between two fixed hit
points. Therefore we calculate this distance by mirrowing the hit point of xi−3 at line xi and consider
the distance between the image and the hit point at xi−2 . In the situation of Fig. 2(i), we have to
calculate the distance between the points (−xi−3 , 2xi − βi−3 xi−3 ) and (βi−4 xi−4 , xi−4 ) which gives
q
2
2
(xi−3 + βi−4 xi−4 ) + (2xi − βi−3 xi−3 − xi−4 ) .
Fortunately, this distance can be described in the same way for all i. For example, consider the
movement between the hit points on xi−4 and xi−5 that visits xi−1 in between. The minimal length
of this path is the length of the line between (2xi−1 − βi−4 xi−4 , xi−4 ) and (xi−5 , −βi−5 xi−5 ) which
gives
q
2

2

(xi−4 + βi−5 xi−5 ) + (2xi−1 − βi−4 xi−4 − xi−5 ) .

Altogether we have a unique formula of the optimal distances between two hit points. The
strategy should make use of such a specular reflection between two hit points. Therefore our task is
to find two infinite positive sequences β := (β1 , β2 , β3 , . . .) and X := (x1 , x2 , x3 , . . .) that minimizes
the ratio
q
Pk
(xi + βi−1 xi−1 )2 + (2xi+3 − βi xi − xi−1 )2
i=−2
.
(1)
sup
xk
k
Here for the starting round we simply set x0 = x−1 = x−2 = 1 and x−3 = 0 since in the first
round the current worst case occurs at lines at distance 1 (it was assumed that the line is at least
one step away). There is some freedom for setting β−2 , β−1 and β0 and we extend the sequence β
accordingly. The ratio in (1) is called a functional with two infinite sequences.
With similar arguments we find a functional for the second case, where the strategy makes a
kink after the hit point for the current worst case, see Fig. 2(ii). Now the movement between two
hit points at xi−4 and xi−3 visits and reflects at line xi−1 . With the notation and the reflection
idea from Fig. 2(ii) we have to calculate the length of the segment between (−xi−3 , βi−3 xi−3 ) and
(2xi−1 − βi−4 xi−4 , xi−4 ). This results in the distance
q
2
2
(2xi−1 − βi−4 xi−4 + xi−3 ) + (βi−3 xi−3 − xi−4 ) .
Again, this formula describes all occuring distances and the task is to find two infinite positive
sequences β := (β1 , β2 , β3 , . . .) and X := (x1 , x2 , x3 , . . .) that minimizes the ratio
q
Pk
(2xi+2 − βi−1 xi−1 + xi )2 + (βi xi − xi−1 )2
i=−2
.
(2)
sup
xk
k
For the starting round we make use of x−1 = x−2 = 1 and x0 = x−3 = 0 and we have some
freedom for the values β−2 , β−1 and β0 , thus again β is extended accordingly.
The third case, where kink and hit point coincidence, is handled analogously and results in
the following ratio. Fortunately here we have to find a single sequence X := (x1 , x2 , x3 , . . .) that
minimizes
4

sup
k

Pk

i=−2

q

(xi+3 − xi−1 )2 + (xi+2 + xi )2
xk

.

(3)

Here we make use of a starting value x−3 = 0 and we have some freedom for the values x−2 , x−1
and x0 and X is extended by these values.
In the remaining case we consider all combinations of the first three cases which means that
sometimes the hit point of xi can be visited before, after or on xi+3 . We show that the description of
such a strategy is the same as in (1), if we allow that βi xi goes beyond xi+3 . In Fig. 2(iv) there is no
kink at x9 between the hit points at x5 and x6 . Fortunately, we are able to describe the corresponding
movement in the same way as in case Fig. 2(i). More generally, we have to calculate the distance
between the points (−xi−3 , 2xi − βi−3 xi−3 ) and (βi−4 xi−4 , xi−4 ) which gives
q
(xi−3 + βi−4 xi−4 )2 + (2xi − βi−3 xi−3 − xi−4 )2 .
Additionally, the distance between (2xi−1 − βi−4 xi−4 , xi−4 ) and (xi−5 , −βi−5 xi−5 ) again gives
q
(xi−4 + βi−5 xi−5 )2 + (2xi−1 − βi−4 xi−4 − xi−5 )2 .
This means that (1) subsumes all three cases, if we allow βi xi > xi+3 , βi xi = xi+3 and βi xi <
xi+3 . Obviously, our next task is to optimize two-sequence functionals stemming from (1).

4

Optimization of single sequence functionals

There are two main paradigms for computing optimal strategies by optimizing single sequence functionals. In this section we briefly repeat the main ideas and and exemplify the application of the
first approach to the functional
q
Pk
2
2
(xi+3 − xi−1 ) + (xi+2 + xi )
i=−2
Fk (x−2 , x−1 , x0 , x1 , . . .) :=
,
(4)
xk
that stems from ratio (3). More precisely, we are searching for an infinite strategy X = x −2 , x−1 , x0 , x1 . . .
so that
inf sup Fk (Y ) = C and sup Fk (X) = C .
Y

4.1

k

k

Optimality of the exponential function

The following theorem states that the supremum of a functional is minimized by an exponential function, if certain properties are fulfilled. The given problem results in an optimization problem for functionals Fk (X) with infinite sequences X = (x1 , x2 , x3 , . . .). For two sequences X = (x1 , x2 , x3 , . . .)
and Y = (y1 , y2 , y3 , . . .) let X +Y := (x1 +y1 , x2 +y2 , x3 +y3 , . . .) and A·X := (A·x1 , A·x2 , A·x3 , . . .)
for a constant A.
Theorem 1. (adapted from Gal [7, 6], Alpern and Gal [1] and Schuierer [21])
Given a sequence of functional Fk (X) for all k ≥ k0 and infinite sequences X = (x1 , x2 , x3 , . . .) and
Y = (y1 , y2 , y3 , . . .) with xi > 0 and yi > 0.
If the following conditions hold for Fk :
(i) Fk is continous,
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(ii) Fk is unimodal, which means: Fk (A · X) = Fk (X) and Fk (X + Y ) ≤ max{Fk (X), Fk (Y )},
(iii)


1
1
1
,
,
.
.
.
,
,
1
=
lim inf
Fk (εk , εk−1 , . . . , ε1 , 1) ,
lim inf Fk
a→∞
εk ,εk−1 ,...,ε1 →0
ak ak−1
a
(iv)

lim inf Fk 1, a, a2 , . . . , ak =
a→0

lim inf

εk ,εk−1 ,...,ε1 →0

Fk (1, ε1 , ε2 , . . . , εk , ) ,

(v) Fk+1 (x1 , . . . , xk+2 ) ≥ Fk (x2 , . . . , xk+2 ).
then
sup Fk (X) ≥ inf sup Fk (Aa )
a

k

k

with Aa = a0 , a1 , a2 , . . . und a > 0. The supremum of the functional is minimized by an exponential
function.
Note that the given form of condition (v) is a replacement shown by Schuierer [21], see also
Alpern and Gal [1]. Obviously, the functional of (4) fulfills condition (i), (iii), (iv), (v) and the part
Fk (A · X) = Fk (X) of (ii). The remaining task is to prove that unimodality holds in the additive
sense which is Fk (X + Y ) ≤ max{Fk (X), Fk (Y )}. Normally, this is the most difficult thing, here it
is easy.
The triangle inequality of the vectors (a − b, c + d) and (e − f, g + h) gives
p
p
p
(a − b)2 + (c + d)2 + (e − f )2 + (g + h)2 ≥ (a + e − (b + f ))2 + (c + d + g + h)2 .
Now let Fk (X) ≤ K and Fk (Y ) ≤ K, which is also true for K := max{Fk (X), Fk (Y )}. We have
Pk

i=−2

q
(xi+3 − xi−1 )2 + (xi+2 + xi )2
xk

+

Pk

i=−2

q

(yi+3 − yi−1 )2 + (yi+2 + yi )2
xk

≤ K · (xk + yk )

and we can prove Fk (X + Y ) ≤ K by the inequality shown above. This gives unimodality in the
additive sense for (4).
Obviously, the functional Fk (x−2 , x−1 , . . . , xk ) fulfills the conditions of Theorem 1 and we conclude
sup Fk (X) ≥ inf sup Fk (Aa )
a

k

k

where Aa = a−2 , a−1 , a0 , a1 , a2 , . . . and a > 0. We can substitute xi by ai and can make use of a
geometric serie. Altogether, the problem is now solved by

inf
a

Pk

i=−2

q

2

(ai+3 − ai−1 ) + (ai+2 + ai )
ak

2

= min
a

p

(a4 − a2 + 1)(a2 + 1)2
a−1

Thus we have found a simple function that has to be minimized over a. Optimizing the last function
in a by analytic means gives a = 1.425421 . . . and exactly the ratio 12.54064 . . . presented in [11].
This shows that there is no room for improvements if we choose a cyclic strategy that always makes
a kink at the current worst case situation.
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4.2

Equality approach

On the other hand some authors [9, 15, 18, 13, 20] suggest to adjust an optimal strategy X =
x1 , x2 , . . . with Fk (X) ≤ C to an optimal strategy X 0 = x01 , x02 , . . . with Fk (X 0 ) = C where C is the
(probably unknown) best achievable factor. Then one will try to retrieve a recurrence for the values
of X 0 from the equation Fk (X 0 ) = C = Fk+1 (X 0 ) and find the smallest C that fulfills this recurrence
with positive values. In this section we do not apply this method
to the functional (4) because this
P
k

xi

, that stems from the 2-ray search
seems to be difficult. Instead we use the functional Fk := i=1
xk
problem, see [2, 14].
It can be shown that for the 2-ray search problem such a strategy X with Fk (X) = C = Fk+1 (X)
exists. How will we find the optimal strategy in this case? One will try to retrieve a recurrence for
the values of X from the equation Fk (X) = C = Fk+1 (X).
For the 2-ray
search problem we P
assume that X = x1 , x2 , . . . achieves equality in every step.
Pk+2
k+1
We conclude i=1 xi = Cxk+1 and i=1 xi = Cxk . Subtracting both sides gives the recurrence
xk+2 = C(xk+1 − xk ) for k = 1, 2, . . . Obtaining positive solutions for recurrences can be solved by
analytic means, see [8]. It can be shown that for C < 4 there is no positive sequence that fulfills the
given recurrence xk+2 = C(xk+1 −xk ). Furthermore, for xi := (i+1)2i we have xk+2 = (k +3)2k+1 =
4(xk+1 −xk ) = (3k+4)2k+2 −(k+1)2k+2 . This means, that there is a positive sequence, xi := (i+1)2i
that attains the optimal value C = 4.
Altogether, we have two different approaches stemming from different paradigms. In the following
we will combine both paradigms in order to solve two-sequence functionals.

5

Optimizing two-sequence functionals

Now we would like to find the best cyclic strategy and have to optimize ratio (1). Our task is to
find optimal sequences β = (β−2 , β−1 , β0 , β1 , . . .) and X = (x0 , x1 , x2 , x3 , . . .) that minimizes the
supremum of the following functional for all k.
q
Pk
(xi + βi−1 xi−1 )2 + (2xi+3 − βi xi − xi−1 )2
i=−2
Fk (β, X) :=
(5)
xk
Let us assume first that the sequence β is fixed. For the same reason as in the previous section we
can apply Theorem 1 to the sequence X.
The triangle inequality of the vectors (a + β b, 2c − γ d − e) and (f + β g, 2h − γ i − j) gives
p
p
(a + β b)2 + (2c − γ d − e)2 + (f + β g)2 + (2h − γ i − j)2 ≥
p
((a + f ) + β (b + g))2 + (2(c + h) − γ (d + i) − (e + j))2 .

With similar arguments as in Sect. 4.1 it is clear that Theorem 1 is applicable to ratio (5). This
means that a strategy xi = ai will optimize supk Fk (X, β). But there is still a second sequence β
that has to be optimized and a simple function for finding a and β is not given. Therefore we suggest
to apply the second paradigm (equality approach) of Sect. 4.2 first. We would like to reduce the
complexity of the problem.
Lemma 2. For the functional (5) and the optimal sequences X and β with sup k Fk (X, β) = C there
always exists sequences X 0 and β 0 so that Fl (X 0 , β 0 ) = C is fulfilled for all l ≥ 0.
Proof. The proof works by induction on k, it is non-constructive because an optimal strategy is not
known so far and we use a limit process for the inductive step.
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Let us assume that an optimal cyclic strategy is given that minimizes supk Fk (X, β) = C.
We would like to show by induction that for every k there is always a strategy X 0 and β 0 so that
Fl (X, β) = C is fulfilled for all 0 ≤ l ≤ k and Fl (X, β) ≤ C for l > k.
First, we show that we can let a single xk shrink a bit. Let us assume that Fk (X, β) < C holds.
Then we can let xk decrease to x0k and adjust βk to βk0 so that Fk (X 0 , β 0 ) = C and Fl (X 0 , β 0 ) ≤ C
for all l 6= k holds.
The adjustment works as follows and is motivated in Fig. 3. If we move the line of xk toward
the origin then three movements of the strategy are concerned. First, the movement between the hit
points on xk−1 to xk+1 that reflects on xk . This part of the strategy will always be shorter, if we
move xk towards the origin. If one of the corresponding segments become horizontal or vertical, we
proceed by moving the corresponding segments toward the origin, also.

(−xk+1 , 2xk+4 − βk+1 xk+1 )
xk+4
xk
βk+1 xk+1
xk−4

βk xk
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x00
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k , xk ) = P k

xk−1
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βk−1 xk−1
(xk−1 , −βk−1 xk−1 )
xk+1
xk+2
Y

Fig. 3. If we move xk downwards to x0k closer to the origin, we decrease all distances which are concerned.
This remains true, if we move beyond the reflection at xk+3 , compare x00k . The ratio Fk (X 0 , β 0 ) increases, all
other ratios decrease or remain the same.

Additionally, xk and βk xk defines a hit point pk . The movement from pk to the hit point on
xk+1 that reflects on xk+4 and the movement of pk toward the hit point of xk−1 that reflects on
xk+3 will be concerned, if we move xk to the origin.
Now let the line for xk move towards the origin. Let us first assume that the kink happens on
xk+3 before pk is met. The other case will be handled later.
Let the intersection point p0k with the original strategy define the new hit point. In turn it defines
the value of β 0 . Thus, the length of the path will not increase. In fact by triangle inequality the path
lenght decrease a bit because the kink appears a bit earlier, see the dashed path in Fig. 3.
Until reaching the reflection point at xk+3 using the adapted values x0k and βk0 will always
decrease the overall path lenght as indicated above. Fortunately, we can even move further on
without changing the description of the ratio or functional, respectively.
We simply let the hit point move beyond xk+3 which means that βk00 x00k > xk+3 holds, see Fig. 3.
The coordinates of the hit point still depends on x00k and βk00 x00k in the same way. The movement from
the hit point at xk−1 to the hit point at x00k and the movement from the hit point at x00k to the hit
point at xk+1 is described by the same formulas as before. More precisely, by
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q

2

2

(xk+1 + βk00 x00k ) + (2xk+4 − βk+1 xk+1 − x00k ) and

q

2

2

(x00k + βk−1 xk−1 ) + (2xk+3 − βk00 x00k − xk−1 ) .

Although the reflection on xk+3 now appears after p00k we have the same description of the strategy.
That is we can move x0k closer to the origin to x00k . The length of the overall path further decrease.
We simply adjust βk00 accordingly.
While decreasing xk the ratio Fk (X, β) finally has to increase since there are always elements of
the path that will not be concerned. In the induction proof we will see that finally there is some
x0k > 0 that let the ratio increase to Fk (X 0 , β 0 ) = C. We will also see that we never have to move xk
below xk−4 in order to obtain this equality.
Therefore finally we will have Fk (X 0 , β 0 ) = C and Fl (X 0 , β 0 ) ≤ C for all l 6= k.
Now the full proof works by induction. First, we let x0 shrink so that F0 (X 0 , β 0 ) = C and
Fl (X 0 , β 0 ) ≤ C for all l ≥ 1 holds. This is always possible because some parts of the path to the hit
point on x0 remains the same.
The induction hypothesis says that for index k there is always an adjustment of a strategy so
that X 0 and β 0 exists with Fl (X 0 , β 0 ) = C holds for all 0 ≤ l ≤ k and Fl (X 0 , β 0 ) ≤ C for l > k.
Additionally, the adjustment let the values of X 0 shrink but they will never get zero.
Now we adjust xk+1 and let it shrink to x0k+1 . By induction hypothesis Fk−3 (X 0 , β 0 ) = C holds
before xk+1 and βk+1 is adjusted. This means that we will attain equality for Fk+1 (X 0 , β 0 ) = C for
0
x0k+1 and βk+1
before x0k+1 reaches x0k−3 .
Now we have Fk+1 (X 0 , β 0 ) = C and Fl (X 0 , β 0 ) ≤ C for l 6= k + 1. We apply the induction
hypothesis again for the first k values of the new X 0 . We can repeat this process. This means that
we will have shrinking values (x00 , x01 , x02 , . . . , x0k+1 ) but they will never get zero. Finally, they have
to run into a limit that gives Fl (X 0 , β 0 ) = C for 0 ≤ l ≤ k + 1.
Thus, the inductive step is true. For all k there is an optimal strategy so that Fl (X 0 , β 0 ) = C for
0 ≤ l ≤ k.
t
u
Altogether, we can now apply the idea of Sect. 4.2. We will make use of the fact that there is an
optimal cyclic strategy with Fk (X, β) = C = Fk−1 (X, β). This means
q
C (xk − xk−1 ) = (xk + βk−1 xk−1 )2 + (2xk+3 − βk xk − xk−1 )2
and we obtain a new functional
Gk (β, X) :=

q
2
2
(xk + βk−1 xk−1 ) + (2xk+3 − βk xk − xk−1 )
xk − xk−1

(6)

and the new task is to find sequences X and β so that supk Gk (X, β) is minimal.
Fortunately, we can apply Theorem 1 to Gk (X, β). In the same way as indicated in the beginning
of this section we can prove additive unimodality by applying triangle inequality. The remaining
conditions also hold. This means that there is an optimal strategy for (6) with xi := ai for a > 1.
Substituting xi by ai and using some simple transformation shows that
p
(a + βk−1 )2 + (2a2 − βk a − 1)2
.
(7)
Gk (A, β) =
a−1
Let us assume that we have found the best a. Since βk−1 takes over the role of βk if we consider
Gk+1 , the best we can
√ do is let βi be a constant for all i. This means that we have to optimize a

function f (a, b) :=

(a+b)2 +(2a4 −b a−1)2
.
a−1

We would like to find the minimum of f (a, b) by analytic
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means. The derivative of f (a, b) in b gives √

b+2a−2a5 +ba2
.
(a+b)2 +(2a4 −b a−1)2 (a−1)

It is zero if and only if b :=

2(a2 − 1)a holds. So for all a √
we have to use this b for minimization. Finally, we only have to
(a2 +1)(2a2 −1)2
. For a > 1 this function has a unique minimum of
optimize the function f (a) :=
a−1
12.53853842 . . . for a = 1.431489 . . . and we have b = 2(a2 − 1)a = 3.0037344 . . .
Note that this is only a very small improvement on the strategy of Jeż and Lopuszański but in
comparison to the former result we can state that this is the best strategy that visits the directions
in a cyclic order.
(−a2 , 2a(a2 − 1)a2 )
(−a2 , 2a a2 ) = (−2.04916 . . . , 5.86671 . . .)

(2a a1 , a1 ) = (4.09832 . . . , 1.43148 . . .)

X

−1

o
1
−1

(−2a a3 , −a3 ) = (−8.39814 . . . , −2.93335 . . .)
2

3

(a0 , −2a a0 ) = (1, −2.86297 . . .)

3

(−2a(a − 1)a , −a )
Y

Fig. 4. The optimal cyclic strategy defined by xi = ai and βi xi = b ai with a = 1.431489 . . . and b = 2a =
2.826979 . . ..

Theorem 3. An optimal cyclic strategy that finds a horizontal or vertical shoreline can be described
by xi = ai and βi xi = b ai and obtains an optimal competitive ratio of 12.53853842 . . . for a =
1.431489 . . . and b = 2(a2 − 1)a = 3.0037344 . . .
The strategy is shown in Fig. 4. Note that we have βi xi > xi+3 and the strategy makes a kink
after the current hit point. Therefore we can also describe the optimal strategy in the fashion of (2)
by computing a corresponding b = bi , so that βi xi < xi+3 hold. This b can be computed uniquely
as follows. We compute 2(a2 − 1)a − a3 = a3 − 2a and this is subtracted from a3 and gives b = 2a.
This means that we can describe the strategy by b = 2a = 2.826979 . . . and a = 1.431489 . . . also.
Inserting into (2) gives the same ratio 12.53853842 . . . and this is exactly what we have expected.
Cyclic startegies can be completely defined by (1).

6

Conclusion

Within this paper we have shown how to combine two standard methods for optimizing functionals
in competitive analysis in order to optimize two-sequence functionals. More precisely, we found the
current best strategy for searching a horizontal or vertical shoreline. The given approach shows that
10

the strategy is the best strategy among all cyclic strategies. The main open question is finding a
general (tight) lower bound. It remains to show that there is always an optimal strategy that visits
the directions in a cyclic order.
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