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Computing the visibility area between two simple polygons in linear time
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Abstract

of a building is an important question for computer
aided construction management.

We consider a visibility problem for two nonintersecting open or closed simple polygonal chains P
and Q in the plane. The visibility area between P
and Q is the union of all line segments pq where p
lies on the boundary of P and q on the boundary of
Q and pq does neither intersect with P nor with Q.
We present an optimal linear time algorithm for computing this area. The given work generalizes known
visibility results and has an application in computer
aided construction management.
Keywords: Visibility in the plane, polygonal
chains, optimal algorithm
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Introduction

Computing the visibility among geometric objects is
one of the most natural subjects in the field of computational geometry. Furthermore, efficient solutions
of visibility problems have application in many fields
of computer science such as robotics [8], computer
graphics [3] and computer vision [4]. For an overview
of efficient solutions for visibility problems in the
plane one can consider the survey of Asano et al.[1]
or the textbook of Gosh[5].
The given result has two main benefits. On one
hand, we generalize a known visibility result inside
simple polygons. It was already shown how to compute the inner visibility region of an edge e of a simple polygon P efficiently. Instead of e and P we allow more general polygonal objects P and Q while
maintaining optimal linear time. The visibility area
between P and Q is the union of all line segments
pq where p lies on the boundary of P and q on the
boundary of Q and pq does neither intersect with P
nor with Q, see Figure 1 for an example. Furthermore, with the same technique we can compute the
visibility region of a polygon P inside a polygon Q in
time proportional to |P | + |Q| which is a natural extension of visibility of a single point or egde. On the
other hand, the given problem arises in the context
of a digital three dimensional building construction
model. An efficient computation of the visibility area
between two wall axes A and B in the digital model
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Figure 1: The visibility area between two nonintersecting polygonal chains P and Q.
In Section 2 we extend the algorithm of Guibas et
al. [6] and compute the visibility region of a polygonal subchain CP along the boundary of a polygon
P in linear time. Afterwards, we make use of this
result and compute the visibility area between two
non-intersecting polygonal objects P and Q in time
O(|P | + |Q|). Note that due to lack of space some
proofs are omitted.
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Visibility of a boundary subchain

We would like to compute the inner visibility region
of a connected subchain CP = (p1 , . . . , pk ) along the
boundary ∂P of a simple polygon P = (p1 , . . . , pn , p1 ),
see Figure 2. A point q ∈ P is visible from p ∈ CP if
pq ∈ P holds.
Definition 1 (Visibility polygon) Given a polyon
P , and a connected point set X ∈ P , the visibility
polygon VisP (X) is the set of points inside P that
are visible from any point x ∈ X.
In order to compute Vis P (CP ) we first determine the
shortest path πp1 ,pk = (r1 , . . . , rl ) in P from p1 to pk
which can be done in linear time ([6], [2]). Replacing (p1 , . . . , pk ) by πp1 ,pk , we obtain a new polygon
R = (r1 , . . . , rl , pk+1 , . . . pn , r1 ). Since the number of
vertices of πp1 ,pk is at most n, the number of vertices of R is at most 2n ∈ O(n). For short, we define
Cr = (r1 , . . . , rl ) and Cl = (rl , pk+1 , . . . , pn , r1 ).
It can be shown that for computing Vis P (CP ) it
suffices to compute Vis R (Cr ).
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Figure 2: For computing the visibility polygon of a
subchain CP = (p1 , . . . , pk ) of P it suffices to compute
visibility polygons along the shortest path πp1 ,pk .
Lemma 1 With the notation from above we have:
VisP (CP ) = VisR (Cr ) ∪ (P \ R).
The remaining task is how to compute the visibility polygon Vis R (Cr ) of the shorthest path Cr . Note
that R need not be a simple polygon because the
shortest path Cr may touch Cl , compare r4 in Figure 2. We will make use of such tangent points and
subdivide the polygon R into several simple polygons
Ri . The aim is to show that the union of the visibility
polygons of the corresponding parts of Cr is equal to
Vis R (Cr ).
Formally, the division into subpolygons is defined
as follows: Because, originally, Cr is a shortest path
between two vertices of P , its set of vertices V [Cr ]
also consists of the vertices of P . Let (v1 , . . . , vt ) =
(V [Cl ] ∩ Cr ) denote the vertices of Cl that lie on Cr .
The vertices vi lie consecutively on Cr . We have,
by definition, v1 = r1 and vt = rl . We denote
with Cr (i) := (vi , . . . , vi+1 ) the polygonal chain on Cr
between vi and vi+1 . Since Cr is a shortest path we
conclude that Cr (i) has to be an outward bent chain,
i.e., while walking from vi to vi+1 on Cr (i) we always turn to the right at the vertices in between.
Now let Cl (i) denote the polygonal chain between vi
and vi+1 on Cl . We conclude that Ri := Cr (i) ∪ Cl (i)
is a simple polygon (unless V [Ri ] consists of only the
two vertices vi , vi+1 ), see Figure 2. The following
Lemma states that we can obtain Vis R (Cr ) by computing Vis Ri (Cr (i)) for all Ri .

of the algorithm of Guibas et al. [6] is the following:
Roughly speaking, a point p ∈ Ri is visible from an
edge e = (a, b) iff the two shortest paths πa,p and πb,p
are outward convex1 . The algorithm traverses two
shortest path trees rooted at a and b, and cuts off
those points p of which the two paths πb,p and πa,p
are not outward convex. In our case the situation is
slightly different. The visibility condition is no longer
correct if we replace e by a polygonal chain Cr that is
bent outwards. It is possible that the shortest paths
begin with a part of Cr , and that the resulting paths
are not outward convex, although p is visible from Cr .
This is fixed by ignoring the first vertices on the shortest paths that belong to Cr , thus adapting the test
for outward convexity to the new situation. So the
new algorithm does the same as before but ignores
the first edges between vertices of Cr on the shortest path trees when testing for outward convexity of
the shortest paths. Figure 3 illustrates these observations. Point z is not visible from Cr because the
paths πr2 ,z and πr4 ,z are not outward convex. Point
x is visible from Cr .
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r2
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x
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Figure 3: Shortest paths from r2 and r4 to x and z.
Altogether we have:
Lemma 3 The visibility polygon of an outward bent
subchain Cr of the boundary of a polygon Ri can be
computed in linear time.
Finally, using the previous three lemmata we are able
to compute the inner visibility polygon of a boundary
subchain CP of a simple polygon P in linear time.
Theorem 4 Given a polygon P and a subchain CP
of ∂P , we can compute VisP (CP ) in time O(|P |).

Lemma 2 With the notation from above we have:
VisR (Cr ) =

t−1
[

3
VisRi (Cr (i)).

i=1

It remains to show how to compute the visibility
polygon of an outward bent chain Cr of the boundary of a simple polygon Ri . Let Cl denote the remaining boundary of Ri , see Figure 3. The key idea

The visibility area of two boundary chains

The main tool for computing the visibility area between two polygons will be the computation of the
1 A pair of paths π
a,p and πb,p is outward convex iff the convex hull of each path lies outside the open region bounded by
πb,p ∪ πa,p ∪ |ab|, where |ab| denotes the line segment connecting a and b.
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visibility area between two chains of the boundary of
a polygon.
Definition 2 (Segment type) A segment pq between two mutually visible points p and q is (of type)
P Q, iff p ∈ P and q ∈ Q, where P and Q are sets of
points.
Definition 3 (Visibility area) Given two polygonal chains P and Q, then the visibility area VA(P, Q)
consists of all segments of type P Q. If P and Q are
subchains of the same polygon, we restrict VA(P, Q)
to segments inside the polygon.
In a first step we would like to compute the visibility
area between two subchains A and C on the boundary
of a polygon P . Here, the computation of the visibility
area between A and C can be reduced in a natural way
to the computation of constrained visibility chains.
Definition 4 (Visibility cut) A visibility cut is a
boundary edge of a visibility polygon VisP (X), that
does not belong to ∂P .
Definition 5 (Constrained visibility chain)
Given two subchains A, C of a closed polygonal
chain P , and the visibility polygon VisP (A) of A, we
define a polygonal chain VisP (A)|C as the union of
all points c ∈ C visible from A, and all visibility cuts
connecting points of C visible from A.
First, we compute the visibility polygon PA =
Vis P (A). The boundary of PA contains the constrained visibility chain C 0 = Vis P (A)|C of C w.r.t.
visibility from A. Then computing the visibility polygon PAC of C 0 in PA we obtain all points of P that
are visible from both A and C. Note that PAC contains A0 = Vis P (C)|A on its boundary, as well as C 0 .
There are two chains B, D connecting A0 , C 0 on the
boundary of PAC . It can be shown that by replacing
B and D with the shortest paths between their endpoints, we subtract all points from PAC that do not
lie on a segment of type AC. Thus we have finally
obtained the visibility area between A and C.
Lemma 5 The visibility area between two subchains A, C on the boundary of a polygon P can be
computed in time O(|P |).
Proof. The two visibility polygons PA and PAC can
be computed in linear time by Theorem 4. After triangulating the resulting polygon PAC , the two shortest
paths can be computed in linear time, also.
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Two arbitrary closed polygonal chains P and Q.

We now describe the most complex case where P lies
outside of Q, but lies completely inside the convex hull
ch(Q) of Q. The other cases can be done analogously.
Since P is contained in ch(Q), but is not contained
in Q, P is contained in a pocket of polygon Q. It
suffices to compute the visibility area between P and
this pocket. The pocket can be identified in linear
time by counting the intersections with a ray starting
from a vertex of P [7]. Let pocket(Q) denote the part
of Q’s boundary contributing to the pocket, and e =
(a, b) be the edge of ch(Q) defining the pocket. From
now on we denote with Q the closed polygonal chain
pocket(Q) ∪ e, so P lies inside the bounded region
defined by Q. In order to compute VA(P, Q) we do
the following:
1. Compute VA(P, Q).
2. Remove those points from VA(P, Q) that only lie
on segments of type P e (but not on a segment of
type P Q).
4.1

Compute VA(P, Q)

We consider the polygon R = Q \ Int(P ). If R were a
simple polygon we knew, by Lemma 5, how to compute VA(P, Q), which is contained in R. But P defines
a hole in R, so R is not a simple polygon. But there
exists a pair of edges el , er of type P Q on the convex
hull of Q relative2 to P , which can be identified in
linear time and have a nice property: No segment of
type P Q intersects both el and er .
Inserting two copies of ex into R, where x = l or
x = r, we obtain a simple polygon Rx , of which P
and Q are boundary chains, connected by the two
copies of ex . We compute VAx = VA(P, Q) in Rx .
Now by the property of the edges el and er we have
VA(P, Q) = VAl ∪ VAr . We unite VAl and VAr as
follows: The boundary of VAx consists of parts of the
boundary of P , of Q, and of visibility cuts of type P P
or QQ. We compute the set of cuts for both VAx and
cut off the parts of R that lie behind a visibilty cut
from VAl and from VAr . Traversing the boundary of
R once, this can be done in linear time.
4.2

Remove points from VA(P, Q)

Our goal is, after computing VA(P, Q), to remove the
points of VA(P, Q) that do not belong to VA(P, Q).
Only some special points have to be removed: The
points p that see a point of r ∈ Int(e) are candidates
for subtraction. Suppose we look from p to r. Then p
has to be subtracted iff turning clockwise until seeing
r again
1. we have only seen points of P and of e, or
2 See

Toussaint [9] for details.
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2. we have at some point seen a point of Q, then a
point of P , before then again seeing a point of Q,
and there is no segment of type P Q containing p.
The points of type 1 are not seen from Q – they lie
in some sort of pocket of P . Those of type 2 are the
points which lie close to edge e, and thus do not lie on
a segment of type P Q, but on segments of type P e.
See Figure 4 for an example.
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Type 2 Type 1
P

Q

VA(P, Q)

Figure 4: Points of type 1 and of type 2 that do not
belong to VA(P, Q), but to VA(P, Q).
Lemma 6 The points of type 1 can be subtracted
from VA(P, Q) in linear time.
Proof. Two subchains of the boundary of the visibility region of e in VA(P, Q) stem from the polygon Q. Computing the visibility polygons in VA(P, Q)
of those subchains we obtain the cuts defining the
pockets containing the points of type 1, in linear time.
As above, we only cut off points that lie behind cuts
stemming from both subchains.

Lemma 7 The points of type 2 can be subtracted
from VA(P, Q) in linear time.
The above observations prove our main Theorem:
Theorem 8 The visibility area VA(P, Q) between
two polygons P and Q can be computed in time
O(|P | + |Q|).
5

Concluding remarks

The algorithms for closed polygonal chains also apply
to open polygonal chains.
Given a polygon P and an obstacle polygon Q
we can compute Vis(P ) w.r.t. Q – see Figure 5 –
analogously to V A(P, Q), with the following modifications: First, points not visible from Q need not
be subtracted from the polygon R between P and Q.
Second, if Vis(P ) is unbounded, we need to replace
parts of the boundary of VA(P, Q) with adequate
visibility cuts of infinite length.

Figure 5: The visibility region of polygon P with obstacle polygon Q.
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